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Abstract. This paper shows a step forward in the development of a stabilized method for solving the Reynolds equations (RANSE) 
including free surface effects. The starting point of this method is the modified governing differential equations for an incompressible 
turbulent viscous flow and the free surface condition, incorporating necessary stabilization terms via a Finite Increment Calculus 
(FIC) procedure. Time integration scheme of the method is based on an implicit monolithic second order method. Implementation of 
the algorithm, based on the Finite Element Method (FEM) using unstructured grids of linear tetrahedra, allows us to take into account 
dynamic sinkage and trim. This paper also presents a validation study of numerical results obtained for America’s Cup boats. 
 
1. INTRODUCTION 
This paper shows a step forward in the development of 
stabilized Finite Element Method (FEM) to solve the 
Reynolds equations (RANSE) including free surface 
effects. The starting point of the method is the modified 
governing differential equations for an incompressible 
turbulent viscous flow and the free surface condition, 
incorporating necessary stabilization terms via a Finite 
Increment Calculus (FIC) procedure [Error! Bookmark 
not defined.,1,2,3]. Time integration scheme of the 
method is based on implicit monolithic second order 
method originally proposed by Soto et al. [4]. This 
scheme is derived by splitting the momentum equation in 
a similar way as in an implicit fractional step method. 
 
The application of the method, based on unstructured 
grid to enhance geometry flexibility, has been specially 
designed for its application in naval hydrodynamics 
allowing us to take into account real free surface 
deformations and dynamic sinkage and trim of a boat by 
simply updating the analysis domain. 
 
This paper also presents a validation study of numerical 
results obtained for an America’s Cup racing boat. The 
results comparison with a towing tank testing data 
includes drag and lift forces and wave profiles. 
2. FIC FORMULATION 
We consider the motion around a body of a viscous 
incompressible fluid including a free surface. The 
stabilized Finite Increment Calculus (FIC) form of 
governing differential equations [5] for a three 
dimensional problem on domain O, can be written as: 
 
(1a) 
 
 
(1b) 
 
 
(1c) 
 
 
, where 
 
 
 
 
 
 
 
 
 
In the above, ui is the velocity along the i
th global 
reference axis, p is the dynamic pressure, b is the wave 
elevation defined on boundary Gb where free surface 
condition is applied, and tij are the viscous stress tensor 
components. 
Let ni be the unit outward normal to the boundary G and 
denoting prescribed values by an over-bar, boundary 
conditions for the stabilized problem are: 
 
(2a) 
 
(2b) 
 
 
 
 
(2c) 
 
 
 
, for t Î (t0,tf). The boundary G has been considered split 
into three sets of disjoint components Gu, Gp and Gt , the 
last being the part where mixed conditions are 
prescribed. 
Vectors gi and si span the space tangent to Gt . Finally, Gu 
and Gp are the two disjoint components of G, where 
Dirichlet and Neumann boundary conditions for the 
velocity are prescribed. Initial conditions have to be 
appended to problem (1)-(2). 
 
Underlined terms in eqs. (1)-(2) introduce the necessary 
stabilization for the numerical solution, as shown in 
[Error! Bookmark not defined.]. Additional time 
stabilization terms can be accounted for in eqs. (1)-(2), 
although they have been found unnecessary for the type 
of problem solved here [1,2]. 
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 3. MONOLITHIC STABILISED FORMULATION 
An implicit fractional step method can be simply derived 
by splitting the standard time discretisation of eq. (1a). 
The resulting continuous problem, omitting the boundary 
and initial conditions for brevity, is as follows: 
 
 
(3a) 
 
 
 
(3b) 
 
 
(3c) 
 
Terms denoted by an over-bar are those calculated with 
an intermediate velocity ui, which is introduced to allow 
the momentum splitting. The scheme (3) is stable for any 
time increment dt as shown in [6]. 
For ? = 1 the standard backward Euler scheme is 
obtained, which has a temporal error of 0(t). The value ? 
= 0.5 gives a standard Crank Nicholson scheme, which is 
second order accurate in time 0(t2). 
4. MONOLITHIC STABILISED FORMULATION 
At this point, it is important to introduce an associated 
matrix structure corresponding to the variational discrete 
FEM form of (3) (see [4] for details of this derivation): 
 
(4a) 
 
(4b) 
 
(4c) 
 
, where Un+k, Pn+k are the vectors of the velocity and 
pressure, evaluated at time step n+k . Terms denoted by 
over-bar identify the intermediate velocity. 
 
By taking Un+1 from (4c) and inserting the result in (4a)-
(5b), the following system of equations is obtained: 
 
 
(5a) 
 
 
(5b) 
 
 
The term E(Un+?) in (5a) is the error coming from the 
implicit treatment of advective and viscous terms, which 
is of order 0(t2). However, such term can be eliminated as 
in (5a)-(5b) by writing the following analog monolithic 
scheme (including free surface equation): 
 
 
(6a) 
 
 
 
(6b) 
 
 
 
(6c) 
 
 
, where index i refers to the iteration of the iterative 
solution. 
Basically, in this final formulation the convergence of the 
block uncoupled solution is enforced by the first term of 
(6b), while the pressure stability is attained by the second 
term of the same equation. 
4. NUMERICAL ASPECTS 
The above-presented algorithm has been implemented 
within the CFD environment Tdyn [7]. This software has 
been used to solve the examples shown in the following 
section. 
Tdyn is based on the FEM and may use almost any type 
of element, but it is optimized for using linear tetrahedra. 
An unstructured grid is used in Tdyn to enhance 
geometry flexibility and to speed up the initial modeling 
time. 
4.1 Unstructured grid generation 
Tdyn includes a pre and postprocessor completely 
integrated, based on the GiD system [8]. This system 
permits the easiest geometry definition, mesh generation, 
and inserting necessary data definition for an analysis, as 
well as further results post processing.  
 
The discretization of a general three-dimensional 
computational domain into an unstructured assembly of 
tetrahedra is accomplished by means of an advancing 
front grid generation procedure.  
 
This procedure requires the geometry of the 
computational domain to be defined in terms of an 
assembly of surface patches. In this case the surface 
definition of a complete computational domain, 
consisting of hull and appendages surfaces, free surface, 
inflow plane, exit plane, and bottom and lateral surfaces 
is based on NURBS patches. 
4.2 Boundary conditions 
Tdyn preprocessor allows boundary conditions to be 
assigned directly on the geometrical entities and 
automatically transferred to the grid. This utility permits 
not to re-assign boundary conditions every time a new 
grid is generated. 
Furthermore, boundary conditions may be defined by 
analytic functions. This fact allows performing different 
drift angle analyses using the same grid, by changing the 
inflow condition. Other kind of phenomena like non-
uniform flows may also be simulated in a similar way. 
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 4.3 Control Volume 
Finite element solution of eqs. (1)-(2) on a fixed control 
volume is in most cases accurate enough for design 
purposes. However, a great quantitative performance of 
results may be obtained in some cases by updating the 
domain, taking into account free surface deformations 
and a dynamic sinkage and trim of the boat. The 
procedure used in Tdyn to update the domain is now 
summarized. 
 
1) The hull model is first considered in an estimated 
steady state position. A planar or quasi-planar surface 
is used as reference for free surface calculations. An 
automatic unstructured grid generator based on the 
advancing front technique is used to generate a 
surface mesh and a volume mesh. A steady state 
simulation is performed with the hull in this initial 
position. 
2) The net heave force and trim moment acting on the 
hull are calculated from the previous converged 
solution. The sinkage and trim corrections required 
by the equilibrium of this force and moment are 
evaluated. Free surface is updated accordingly to 
previous results. This is made at CAD level, 
generating a new NURBS surface based on the 
previous triangulation of the free surface. A new 
domain is then created within Tdyn preprocessor, 
repositioning the hull and using the new free surface. 
This process is automatic, but if necessary may be 
controlled by the user by means of a wizard-type tool. 
Finally, a new mesh is automatically generated. 
3) A steady state simulation is performed again in the 
new domain. A converged free surface is obtained for 
this given hull position at the end of the present step. 
This process should be repeated until a convergence 
of the results. Experience shows that one iteration is 
enough in most of the cases to obtain forces results 
within the uncertainty band. 
 
The sinkage and trim corrections are expressed in terms 
of the net heave force and trim moment using the 
following relations: 
 
 
 
 
Dz is a correction of the sinkage at a center of gravity, Da 
is a trim angle correction, Fz and My are a net heave force 
and a trim moment. Awp is the water plane area, and Iy is 
the corresponding moment of inertia about the y axis. 
The heave force and the trim moment are defined in 
terms of the pressure p and the viscous stress tensor 
components tij, which can be obtained directly from the 
flow solver. 
New free surface NURBS definition, taking the resulting 
deformation into account, is generated in three steps: 
1. NURBS Cartesian support grid of MxN points is 
created. M and N are calculated in terms of the 
number of local maximu m in the X and Y axis 
directions.  
2. Z coordinate of the points, representing the wave 
elevation, is interpolated into the grid. This 
interpolation is based on a weighted function of the 
nearest points. The nearest points are easily located 
by using a quad-tree structure (see Figure 2).  
3. Finally, the NURBS surface based on the support 
grid is generated [9]. Boundaries of the NURBS are 
defined by projecting the original ones in the Z 
direction. 
6. APPLICATION EXAMPLE. RIOJA DE ESPAÑA. 
Following, some examples of the presented algorithm 
application are shown. 
The example presented in this section have been 
generated using the Tdyn wizard  tool, starting from the 
standard NURBS definition of hull and appendages. This 
tool allows automatic control volume creation, data 
, yz
wp y
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Figure 1. Rioja de España. Geometry definition used in the simulation and experimental testing. 
 
 insertion and mesh generation in an user controlled 
manner. 
 
 
 
Figure 2. NURBS cartesian suppot grid used in the 
CAD regeneration process. 
 
The analysed example is the Spanish America’s Cup boat 
Rioja de España, participant in the races of 1995. The 
geometry of the boat is presented in Figures 1 and 2. It is 
based on a standard NURBS surface definition of the 
ship, used in the design process. 
Numerical results are compared with an extrapolation of 
experimental data obtained in CEHIPAR model basin 
(Spain).  
 
Figure 3. NURBS-based geometry used in the analysis 
of the Rioja de España boat. 
 
A list of the studied cases is shown next. 
 
Test Geometry Heel Drift 
C0D0 Hull, no appendages  0º 0º 
E0D0 Hull, bulb and keel 0º 0º 
E15D2 Hull, bulb, keel and rudder 15º 2º 
E25D4 Hull, bulb, keel and rudder 15º 4º 
E25D2 Hull, bulb, keel and rudder 25º 2º 
 
Every case was towed at equivalent velocities of 10, 9, 
8.5, 8.0, 7.5 and 7.0 knots. 
 
Numerical analysis of cases were carried out at real scale. 
Characteristics of unstructured grids of linear tetrahedra 
used in those analyses are shown in the following table: 
 
Test Symmetry # Elements # Nodes 
C0D0 Yes 300 000 70 000 
E0D0 Yes 700 000 175 000 
E15D2 No 1 500 000 380 000 
E25D4 No 1 500 000 380 000 
E25D2 No 1 500 000 380 000 
 
All grids used for this validation work have been 
generated with the same quality criteria and using 
element sizes from 5mm to 2000 mm. Some details of 
the grid used in the E0D0 case are shown in Figures 3 
and 4. The different analyses have been performed with a 
two layer k-e turbulence model, in combination with an 
extended law of the wall. 
 
Figures 4 and 5 show pressure contours on bulb and keel 
in the different cases, corresponding to a velocity of 8 kn. 
These pressure contours show typical characteristics of 
this kind of analysis. They display higher pressure at 
stagnation area close to the leading edge and a significant 
low-pressure area around keel laterals. Position of the 
stagnation area, and low-pressure zone peak value are 
obviously dependant on heel and drift angles of the case. 
 
Figures 6 and 7 show, in some of the simulated cases, 
obtained wave pattern, corresponding to a velocity of 9 
kn. Systems of divergent and transverse waves are 
clearly observed, as well as the effect of the stern on the 
wave field. The asymmetry effect induced by the drift 
angle of the analyses is also noted.  
 
Finally, Figures 8 and 9 show some perspective views, 
including pressure and velocity contours and streamlines, 
corresponding to the different analyzed cases. 
 
 
 
Figure 4. E0D0 8kn. Pressure contours on bulb. 
 
  
Figure 5. E15D4 8kn. Pressure contours on bulb. 
 
 
 
Figure 6. E0D0 9kn Wave map. 
 
 
 
Figure 7. E25D2 9kn Wave map. 
 
 
 
Figure 8. E15D2 7.5 kn. Pressure map on appendages 
and streamlines. Perspective view. 
 
 
Figure 9. E15D4 7.5 kn. Velocity modulus contours. 
Perspective view. 
Resistance results are also presented in Figures 22 to 25. 
Values obtained in the simulation have been compared to 
those resulting of a standard extrapolation technique 
using experimental data. Resistance has been computed 
from forces data evaluated in the global reference axes 
by R = Fx·cos(a) + Fy·sin(a), where a is the drift angle 
of the case. It is observed that the calculated results agree 
well with the experimental data, both in the total values 
and in the shape of the curve. 
 
Figure 10. E15D2. Resistance graph. Comparison 
with  extrapolation from experimental data. 
 
Figure 11. E25D4. Resistance graph. Comparison 
with extrapolation from experimental data. 
 
 7. CONCLUSIONS 
An implicit second-order accurate monolithic scheme, 
based on the FIC formulation has been presented to solve 
incompressible free surface flow problems. The scheme 
presented is especially adequate for analysis of naval 
problems including dynamic sinkage and trim effects. In 
the present work the method has been applied in a 
validation study of America’s Cup boat. Results obtained 
in the numerical study show a great agreement with 
experimental data available in every condition. 
An academic version of the software Tdyn, using the 
formulation presented here, can be freely used and 
downloaded from http://www.compassis.com. 
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